UNIQUENESS OF SELF- SIMILAR SOLUTIONS TO THE NETWORK 
FLOW IN A GIVEN TOPOLOGICAL CLASS 
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Abstract. In this paper we study the uniqueness of expanding self-similar solutions to 
the network flow in a fixed topological class. We prove the result via the parabolic AUen- 
Cahn approximation proved in 'SI . 
QQ ' Moreover, we prove that any regular evolution of connected tree-like network (with an 

, initial condition that might be not regular) is unique in a given a topological class. 

o 
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1. Introduction 



O 

■<!:;;j- ' The flow of planar networks by curve shortening flow has been of interest for several 

authors in last few years (see |MNT| , [Sch| , |SS] and [MS] for example) . A planar network 
in ri C is a finite union of arcs embedded on the plane such that each pair of curves may 
' intersect each other only at their ends. Moreover, these ends always intersect either other 

, arc or d^l. These intersections are called the vertices of the network. 

A network is said to evolve by curve shortening flow if the evolution set is a network for 
every fixed time and each of its constituent arcs ji satisfies the shortening flow equation: 

I. 

dt 

In order to have a well defined equation it is necessary to impose other conditions at 
' the interior nodes. The most natural condition in the context of Brakke's work ( [Brj ) is to 

. impose that the interior vertices are all trivalent and that the meeting angles of the curves 

jy-^ \ are all equal to When a network satisfies this condition during its evolution we say 

■ that the network is regular. We would like to remark that it is possible to impose other 

(<~^ , conditions for the angles at the interior nodes, but these will not be consider in this paper. 

At the exterior nodes we will impose Dirichlet boundary condition, namely we will prescribe 
QP . the evolution of these nodes (mostly considering them to be fixed). 

' Recently, in |MSj was proved that for an initial condition of k half-lines there exists a con- 



nected solution to the network fiow. Moreover, this solution is regular for all positive times 
^ , and self-similar; however, it is not necessarily unique. In this paper we discuss uniqueness 

H \ for these connected networks within a topological class. 

To define the topological class we assume that the exterior nodes are fixed. If such 
vertices do not exist, that is if the curves extend to infinity, by "fixing the vertices" we 
mean that at infinity the network is asymptotic to certain fixed curves (which, in the case 
of the self-similar solutions described above, agree with the k half-lines that were taken as 
initial condition). 

Definition 1.1. We say that two networks belong to the same topological class if there is a 
homotopy between them relative to the exterior vertices. 



The author was supported by Proyecto Fondecyt de Iniciacion 1 1070025. 

1 



2 



MARIEL SAEZ TRUMPER 



As an example of this concept in Figure 1(a) we show two networks in the same topological 
class, which contrast with Figure 1(b), where the two networks are in different topological 
classes. We remark that although in certain situations the networks in Figure 1(b) can be 
in the same topological class after rotation, we do not allow this by fixing the ends in the 
homotopy process. 




Figure 1. Topological Class of networks with 4 exterior nodes 



Now we can state the main theorem of this paper: 

Theorem 1.1. For each topological class there is at most one connected self-similar solution 
to the network flow with initial condition consisting of k lines meeting at the origin and that 
is regular for positive times. 

This theorem can be extended as follows: 

Theorem 1.2. Suppose that we have an arbitrary connected tree-like network that has 
an evolution via network flow in a domain that is regular for < t < T and that at 
the boundary satisfy Dirichlet conditions. Moreover, assume that the curvatures k'^ of this 
network are bounded by Then, given a topological class, there is a unique evolution for 
this network. 

We would like to remark that for unbounded domains Vt we assume that the boundary 
conditions satisfied by the networks above are analogous to the ones satisfied by the self- 
similar solutions. Namely, we assume that the arcs converge strongly (at least in C^'^) to 
a fixed curve, which is assumed to be compatible with the evolution equation (that in the 
case of the self-similar solutions described earlier, correspond to lines and in general could 
be any unbounded curve that is a solution to the curve shortening flow equation). 

The evolution of networks can be also seen from a different point of view, namely as the 
nodal set of the limit of solutions to the vector-valued parabolic Allen-Cahn equation. The 
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Allen-Cahn Equation (with Dirichlet boundary condition) is given in a domain O by: 
(1) ^-An. + ^4(^ = 0forxGl7 



(2) u,{x,0)=7p,{x), 

(3) u^lan = (j)e{x,t) 

where : x M+ — > M™ and W : ^ M is a positive potential with a finite number of 
minima. In particular we will concentrate on the case m = n = 2 and is a function with 
3 minima. 

In [BRj Bronsard and Reitich studied formally this equation and predicted that as e — > 0, 
solutions would converge a.e. to minima of W and that the interfaces between these sets 
(where the solution converges to minima) might develop a network structure that evolves 
under curve shortening fiow. In [SlJ was proved that this in fact holds for appropriate 
potentials and initial conditions if the considered networks are triads (networks that contain 
only three arcs). Moreover, it was proved that any smooth evolution of triods can be realized 
as a nodal set as described above. In order to prove Theorems 11.11 and 11.21 we show that 
such a representation can be extended to more general tree-like networks that have a regular 
evolution via network flow for < t < T. 

We organize the paper as follows: In Section [2] we show that the topological class of 
network defines a unique coloring. In Section [3] we show that this coloring gives us an 
Allen-Cahn approximation. In Section [5] we use the previous approximation to conclude 
Theorems 11.11 and 11.21 

Remark 1.1. We would like to remark that along the coming proofs all constants will be 
denoted by C , but they might vary from line to line. 

2. Topological class and coloring 

Notice that any network N = {7i} contained in a set O defines a partition {ilj} oin\M 
as follows: 50 j C M, is connected and |J. fij = O \ AT (see as an example Figure E]). 

As stated in the introduction we are going to approximate solutions to the network flow 
via solutions to the Allen-Cahn equation with a three well potential. Let us assume that 
these three minima are given by ci,C2 and C3. We will understand each of these minima 
as a color. It is expected that in each ilj the sequence of solutions to ([T]) converge to 
one of the Cj. Hence, a necessary requirement to approximate a network as an interface of 
the Allen-Cahn equation is that the partition defined by the network has a three- coloring 
as defined below: 

Definition 2.1. Suppose that we have a domain G and a partition P = of 
n. Then we say that we can three-color P if for any region we can assign one of three fixed 
colors and the colors assigned in any adjacent regions are different. 

An example of a three-coloring would be in Figure [2] to associate ci to ili and 1^4, C2 to 
^2 and C3 to O3 and Q5. 

Suppose now that we have a tree-like graph that all its interior nodes are trivalent and 
the exterior ones are simple. Then the following proposition holds: 

Proposition 2.1. Suppose that we have a domain and a connected tree-like network with 
only trivalent nodes in the interior and simple nodes in the boundary. Let P = {Vii} be the 
partition associated to this network. There is a unique three- coloring of P (up to re-labeling 
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Figure 2. Partition of the domain induced by a network 

of the colors). Moreover, the same coloring can he associated to any other tree-like network 
that belongs to the same topological class. 

Proof. For simplicity we may assume is included in a compact domain like in Figure [2] 
(otherwise the exterior vertices that we will refer to correspond to "vertices at infinity"). 

It is easy to see from the coming proof that the same coloring can be associated to any 
two networks that belong to the same topological class, hence we will not refer further to 
this assertion. For the existence and uniqueness we will use induction on the number of 
exterior vertices. 

For n = 3 the result is trivial (each region has one of the color and this is unique, 
up to re-labeling of the colors). Suppose that the result holds for networks of trivalent 
interior nodes and n — 1 simple exterior vertices. We prove that it also holds for networks of 
trivalent interior nodes and n simple exterior vertices. We will try to illustrate the induction 
procedure in Figures 3(a) |3(b)| and 3(c) . Let us label the exterior vertices by pi, . . . ,pn- 



We first claim that there is an interior node v and two exterior nodes pi and pj such 
that there are edges e^.^ and Cp^y that connect pi and v and pj and v respectively. This 
can be easily proved by a combinatorial argument: Since the graph is a connected tree, we 
have that the number of interior nodes is equal to n — 2 (this computation can be found 
for example in [MS] ) . Hence, it is not possible that each exterior node is connected to a 
separate interior node. Without loss of generality we can assume that the nodes adjacent 
to V are pi and p2- And, since v is a trivalent node, there is only one remaining adjacent 
edge to V that we label by e. 

Now remove pi, v and the edge Cp^^ and we regard Cp^^lje as one edge. Notice that 
by this procedure we eliminated only one region, which had Cp^y and Cp^y as boundaries. 
Moreover, we obtain a graph that topologically is equivalent to an tree-like graph with 
interior trivalent nodes and with n — 1 single exterior nodes . By induction hypothesis we 
have that this graph can be uniquely colored with three colors (up to re-labeling of the 
colors). The edge that now is formed by Cp^y |J e has two adjacent regions that are colored 
by 2 different colors, let us say ci and C2. Now we can add again pi, v and the edge Cp^^y. 
This procedure divides one of the regions above in two and adds one region, that can be 
colored by C3. Since this region is only neighboring the regions that for the previous graph 
were adjacent to Cp^y |J e, we have that this is a coloring of the graph with three colors. 

To prove the uniqueness we just invert the procedure. Suppose that we have an arbitrary 
coloring of a network with n exterior nodes. We will show that this coloring agrees (up to 
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(a) The original tree-like network (b) Removing epj„ and using the (c) adding Cp^v and coloring R 

induction hypothesis 



Figure 3. Proof by induction of the existence of a coloring 

re-labeling) with the one just constructed above. We can assume that pi, p2, v, e, e^j^ 
and ep2v are defined as before. Via re-labeling we can color the region enclosed by e^^^ and 
ep2v (that we label by R) with C3. By removing Cp^^, we have that this region becomes part 
of a region of either color ci or C2. Let us assume it is ci and re-assign this color to region R 
(and the removed edge ep^„). Now, as before, we have a three-coloring of a tree-like graph 
with interior trivalent nodes and with n — 1 single exterior nodes. By the uniqueness given 
by the induction hypothesis we conclude that (re-labeling, if necessary) the coloring for the 
network with the removed edge is the one used in the proof of existence above. Moreover, 
since the regions that were adjacent to R had color ci and C2 the only possibly necessary 
rearrengement would be to interchange ci and C2- Hence, following the existence proof, we 
conclude that the chosen arbitrary coloring (up to re-labeling) has to be the one constructed 
previously. 

□ 

3. Approximation skim 

In this section we prove that in fact a regular tree-like network can be understood as 
the nodal set of the limit of solutions to the Allen-Cahn. We assume that for positive 
times the nodes of the curves are trivalent and that the meeting angles of the curves at the 
nodes are all equal to Although for certain networks it would be possible to extend the 
proof for other fixed meeting angle, in order to keep the presentation simpler, we will not 
discuss that situation. In our case it is enough to consider symmetric potentials W with 
three minima (where W attains the value 0). This corresponds to the following assumption 
r(ci, Cj) = r{cj,Ck) for every i / j, j / k, where 

r(Ci, C2) = inf wHj{X))h'{X)\dX -.J G C\[0, iiX), 

7(0) = Ci and 7(1) = C2} . 

Moreover, we assume that there are three unique heteroclinics Qj associated to this 
potential: ie for each pair of minima Cj and Cj of W there is a unique curve Qj that satisfies 

(4) c»(x)+xmk(M.„, 
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(5) lim Qj{T) = a, lim Cij{T)=Cj, 



In [S2] was proved that under this conditions, if W is regular enough, there is a solution 

u^{x) : ^ ]r2 

-Au^+VW{u^) = 0, 

which satisfies as r ^ oo 

(6) ti=K(r cos 0, r sin0) — > q for 9 G [0j_i,6'j], 

(7) u^{r cos 9i,r sin 9i) ^ Cij{0). 

where the angles 9i are given by the potential W in the following manner: 

sin Qi sin 02 sin Q3 



with Qi = 6*4+1 - Oi. 
In [Sl] it was proved: 



r(c2,C3) r(ci,C3) r(ci,C2)' 



Theorem 3.1. Let T = {7*} be a triad evolving under curve shortening flow in a convex 
bounded domain Q and let 0{t) be the point where the curves ^i{-,t) meet. Assume that the 
angles at which the curves 7* meet at the point 0{t) are fixed and that the lengths of the 
curves ji stay bounded away from 0. Consider a proper non- degenerate potential W with 
three global minima ci,C2 and C3. Moreover, assume that this potential W is consistent with 
the fixed angles at 0{t). Then there are functions (f)^, tpe <ind such that there is a solution 
u, to (QP-ll-ld and 

(8) limve{x,t) £ {ci,C2,C3} a.e., 

(9) {(x, t) : lim Ve{x, t) {ci, C2, C3}} = T and 

(10) lim sup — t) = 0. 

There are two main ingredients on the proof of this theorem: the construction of the 
function and Lemma I3.1( that is stated below) . In what follows we review these two 
elements of the proof. 

We start by reviewing the construction of v^- Two regions can be distinguished: close to 
0{t) and away from this point. In order to define these two regions, we consider 5 (that 
needs to be chosen small enough) and we take a ball of radius 5 around 0{t). Away from 
0{t), namely on the complement of this ball we construct the function </)e as follows: 

Let di{x,t) = dist{x,j'^{-,t)) the signed distance of a point x S to the curve 7*(-,t) 
(where the signs of the distance functions need to be chosen appropriately) and consider 
r*(t) = (cos6'*(t),sin6'*(t)) to be the unit tangents at 0{t) . Define the sets: 

Dii{t) = {x gQ: di{x,t) < 6} 
Dii+i{t) = Ix eft: di{x,t) > -, di+i{x,t) < -- and du+i > 2 | ^ '^**+^" 



UNIQUENESS OF SELF-SIMILAR 



Let be a partition of unity associated to these sets, namely these functions satisfy 

< Cf/* < 1 (where j + 1}), supp ^Ij^* C Dij (where supp denotes the support) and 

for every x G \J- j Dij holds I]j j+i} itf{x, t) = 1. Then for x e ■ Dij we define 

(11) t) = E (^S^* (^^) + eSti (^, c.) . 

and v^{x, t) = (peix, t) for points x away from 0{t). Moreover, we use (peix, t) as boundary 
condition in 

Furthermore, we extend the function (p^^ to the whole domain 0, as follows: 

m^, t)^(^i- m + ^ " ^) ) 

where r{x,t) = \x — 0{t)\ and r/i : M ^ M is a function such that 'r]i{x) = 1 when \x\ < ^ 
and 7?i(x) = for |x| > 1. 

For points close to 0{t) we take ^ < p < 1 and define the regions B^{0{t)) \ B^p{0{t)) 
and B^(0(t)). Consider now x E B^(0{t)) \ B^piOit)) and take 

2 

U^, t) = Y^ U^\e - em^+i f^^] + e^f i(0 - e{t))c^ , 

where 9{t) is the angle formed by the tangent T^^it) with the x-axis and is a 

partition of unity associated to the following family of intervals: 

■A2i = {Oi — 0int, Oi + 6int) 

A — / _i_ a ^int\ 
•^2i+l — I + Pj+i ^ I , 

with an angle chosen appropriately small and and 9i the angles given by ([6]). Then 
define 

t) ^ (i - m (^^^) ) '^e(x, t), 

where 772 : ^ [0, 1] is a function that satisfies ??2(a;) = 1 when |x| < 

On the other hand the function in the region that is close from the triple point is 
given by the stationary solution n=K to ^ that satisfies ({6]) and ([7]) . More specifically, within 
the ball of radius 6 we consider the function 



(12) 



where Rg represents the rotation matrix by an angle 9. 
Finally, we let 

(13) v,{x, t) =mx, t) + m (^%^ + 1 - 

The initial condition to be chosen in ^ is 

(14) Mx)=Veix,0). 
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Before discussing the second main element of the proof, a few remarks are necessary. Let 

(15) + / nn{x,y,t){My)-(I^Ky,o))dy, 



Jn 

where Tin denotes the heat kernel in 0,. 

Notice that fixed points of this functional are solutions to the equation 

(16) — - A/i, + ^ = -P</.^ m n 

(17) he{x,t) = on dn 

(18) h,ix,0) = i^{x)-^'^ix,0). 

In particular, defining u^{x,t) = h^{x,t) + (j)'^{x,t) we have u^{x,t) satisfies ([I])-© 
Now we can state the second main tool used to prove Theorem 13.11 



Lemma 3.1 (Lemma 4.1 in |S2j). Fix K > 0. Consider the sequences of continuous 
functions Tpn,Wn satisfying sup|^„|, supl^nl < K. Let e„ ^ and Tn > 0. Assume in 
addition that for every < e < 1 holds sup^.gQ^^g[o,T] l^eK^^i*) ^ Then for each ipn,en 
the functional F^^ has a unique fixed point h^^^ and holds either 

(1) lim„^ooSups^x[o,T„] \wn - 0, or 

(2) there is a constant C , independent of e„ and Tn such that 

sup \Wn-heJ\<C sup \F^^{Wn, ^n) - Wn\- 

nx[o,T„] nx[o,T„] 

The proof of Theorem 13.11 follows from showing that supf^x[o,T„] l-^€„(^e) V'e) ~ ~^ 
as e — > and the uniform bounds (independent of e) of solutions to ([I])-©-© proved in 
Lemma 2.2 of [S2j. 

Remark 3.1. Suppose that there is an R such that Bji C 0. Then it is also possible in the 
definition of the functional F^ (given by U5\) ) to consider instead of cj)^ the function XRix)(j)^ 
where XR ■ ^ ^ [0, 1] is a function that satisfies xr{x) = for x £ Br and XRix) = 1 for 

xedn. 

In this case we would also need to substitute (p^ by XR.{x)<p^ in |j?D and The 

proof of Lemma \3.1\ nor the proof of Theorem \3.1\ are altered by this modification. 

Now we check that the proof of Theorem 13.11 extends for any tree-like network. More 
specifically we show that 

Theorem 3.2. Let M = {7*}^!!^'^ be a network evolving under curve shortening flow in 
a convex bounded domain at times t € [0, T) and let {Oi(i)}"=]^ be its interior nodes. 
Assume that the evolution is regular for all < t <T and that the lengths of the curves 7^ 
stay bounded away from 0. Moreover, we assume that the nodes stay a fixed distance away 
from the boundary and from each other and that their linear and angular speeds remain 
bounded. The curvature of the arcs is assumed to be bounded by ^ where C is a fixed 
constant. 
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Consider a proper nan- degenerate symmetric potential W with three global minima ci, C2 
and c^.Then there are functions cp^, V'e ^.''T'd ?^e such that there is a solution to ^-^-^ 
that satisfies 

(19) limn^{x,t) e {01,02,03} a.e., 

(20) {{^it) : limn^{x,t) {01,02,03}} = Af and 

(21) lim sup \ue — n^\{x,t) = 0. 

*^^OQx[0,T] 

Furhermore, Imif^^Q n^ix^t) defines a coloring of the network N . 

We will only briefly sketch the proof of this theorem. For further details on the missing 
computations we refer the reader to 



Proof. The proof of this theorem is completely analogous to the proof of Theorem 13.11 

We start by constructing the function n^: We consider a coloring of the partition as- 
sociated to the network and define the function col : Q \J\f{-,t) x [0, T) — > {ci}^^^ as 
col{x,t) = Ci if the color associated to x at time t is Oj. Notice that as long as the curves 
do no not disappear during the evolution, the topological class will not change, hence, the 
coloring is in fact preserved in time. 

As before, we denote di{x,t) = dist{x,Y{-,t)) the signed distance of a point x E to 
the curve Y{-,t), where the signs of the distance functions need to be chosen appropriately. 
Analogous to the sets Dij defined in the proof of Theorem 13.11 we consider: 

Vi{t) ={x£n: di{x,t) < 5} 

Define a partition of unity {^|f.*, ^c^*}, associated to these sets. We denote Zx>i{-) = Cjk{-) 

ii-fiedCjCldCk. 

Then we can define for x G |J^. Vj U IJ^- Cj the function 

(22) Mx, t) = Y^Cvl {x, t) Zn, + ^ t) col{x, t). 

i i 

Here we would like to remark that the appropriate choice of sign of di corresponds to 
have for x £ Cj{t) that Z©- — > Cj as e — > 0. 

This function will correspond to the function away from the nodes. We also use this 
function as boundary condition in ([3|). 

Now we extend the function (f)^ to the whole domain using appropriate cut-off functions. 
Namely we take 

where ri{x,t) = \x — Oi{t)\ and 771 : M — > M is a function that satisfies r/i(x) = 1 when 
\x\ < ^ and r]i{x) = for |x| > 1. 

Now we extend the construction close to the nodes Oi{t). Since we have a coloring, 
around each node Oi{t) we can do a construction analogous to (jl2p and consistent with the 
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coloring. Let T^{t) = {cos 6j (t) , sin 6j {t)) to be the unit tangents at Oi{t). In the region 
far from the triple point we consider a partition of unity j.^^"*}?^^ associated to the family 
of intervals where 

A -( n 2i7r 
■^2j — I — ^ ^inti r Pjnt 

. _ (2jTT 9int 2(i + l)7r OinA 

-42,+l-^— + — , - -j, 

and is an angle chosen appropriately small. We define Z_a^^{-) = Cjfc(") if col{x,t) = cj 
for X £ A2i+i and col{x,t) = Cfc for x G »42i_i. We label the adjacent arcs to Oi{t) by 
{7/}^=;^ and the corresponding distance dl{x,t) = dist{x,'yj{-,t)). Moreover, we assume 
that 7^ Pl-^aj 7^ (while 7^ 0-^2^ = for every /c 7^ 2j). Then we take the function 

4>i{x,t) = (^cifie - e\t))Zj,,^ l^il^^ +^i^t_^^e - e{t))coi{x,t)^ , 

where 0'^{t) is the angle formed by the tangent r|(t) with the x-axis. As before we extend 
the function to the whole domain by multiplying by an appropriate cut-off function: 

with i < p < 1 as before and r?2 : M2 ^ M is a smooth function such that 772(2;) = 1 when 
|x| <i. 

The function in the region that is close from the triple point is given by the stationary 
solution to ([1]) that satisfies ^ and ([7]). More precisely we take 

(23) nl{x,t) =(j)l{x,t)+7j2i ^ 

where Rg represents the rotation matrix by an angle 9. 
Finally we define 

(24) n,{x, t) =</>^(x, t)+Y, VI (^^^ + 1 - 1) 

The initial condition ([2]) is given by: 

(25) V.(^) = n,(x,0). 



It is easy to see that the computations in [ST] (used to show that \F^^{ve,'ilJe) — Ve\ 
uniformly as e — > 0) can be extended to the function constructed above. We will not 
review this computation here. However an analogous computation will be presented in the 
coming proof . 

Now, as in [Slj . we can use Lemma l3. II and the uniform bounds provided by Lemma 2.2 
in [S2] to conclude the result. □ 



Moreover, we extend this result to the following situation 



UNIQUENESS OF SELF-SIMILAR 



11 



Theorem 3.3. Let J\f = {'j^}'^!!^'^ be a network evolving under curve shortening flow in a 
convex bounded domain and let {Oi{t)}^Zi be its interior nodes. Assume that the angles 
at which the curves 7* meet at the points Oi{t) are of ^ and that there is a constant C such 
that the lengths of the curves ji and the distances between the interior nodes are bounded 
below by C\ft. Moreover, we assume that the nodes stay a fixed distance away form the 
boundary and that their linear and angular speeds are uniformly bounded. The curvature of 
the arcs is assumed to be bounded by ^ where C is a fixed constant. Consider a proper 
non- degenerate symmetric potential W with three global minima ci,C2 and c^.Then there 
are functions (j)^, V'e '^iT-d such that there is a solution to ([iP-([^-(0j and 

(26) Hmne(x,t) G {ci,C2,C3} a.e., 



(27) {{^^t) '■ hmne(x,t) {01,02,03}} = M and 

(28) hm sup \ue — n^\{-,t) = for every t G [0, T]. 

Furthermore, lim^^o nf:{x , t) defines a coloring of the network J\f . 

Before proving this Theorem we will need a weaker version of Lemma 13.11 

Lemma 3.2. Consider the functional F^ in Lemma \3.1\. Fix K > Consider the sequences 
of continuous functions ilJn-,Wn satisfying sup iV'nl, sup \ wn\ < K . Let e„ ^ and < T„ < 
T. Assume in addition that for every < e < 1 holds sup^g^ jg^ ^p] |/ie|(x,t) < K. Then 
for each ipn, the functional F^^ has a unique fixed point h^^ and holds either 

(1) lim„^ooSupQx[o,T„] t\wn -hej^ 0, or 

(2) there is a constant C , independent of e„ and Tn such that 

sup t\Wn - /le„| <C sup (w„, V'n) " Wn\- 

nx[0,T„] f^x[0,T„] 

Proof. Let us assume that neither ([T]) nor ([2]) hold. Then for every n there are Tn,en and 
Wn such that 

sup t\Wn - >n sup t\F^,X'Wn,1pn) " Wn\- 

Ox[0,T„] Ox[0,T„] 

Fix 5 > 0. Since vun and are uniformly bounded, we have supf2x[5,T„] \Ptni''^n,'4'n) — 
supQx[5,T„] *l-^e,i(^ra) V'n) — Wn\ — > 0. From Lemma [3T] we have that 

lim sup \wn — 0. 

"^°°f7x[5,T„] 



Hence 



lim sup t\wn - <sup{T sup \wn-h^J, sup t\wn-KJ} 

r2x[0,T„] nx[5,T„] nx[0,5] 



< sup t\Wn-KJ 
r2x[0,5] 

<C6. 

Since 5 is arbitrary we conclude that lim„_>oo supqx[o,t„] A^n — he„\ = 0, which contradicts 
that ([T|) does not hold. 

□ 



Now we can prove Theorem 13.31 
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Proof of Theorem \3.3[ The proof of this Theorem is analogous to the one of the previous 
one. However, some modifications both in the construction of the function and in the 
computation of the bounds that we use to conclude are necessary. 

We would first like to remark that the hypotheses of the theorem allow that some of the 
vertices at time t = split into several for positive times. However, in the construction 
below we would like to have the same number of nodes for all times. Hence, the considered 
nodes {Oi{t)}^~^ will be the ones that are different for positive times and some of them 
might agree for t=0. For example, for the self-similar solutions coming out of n half-lines 
that start at the origin, we have n — 2 nodes {Oi{t)}^^^ that agree at t = 0. 

We start by discussing the function that will be used. The notation will be as in the 
previous proof. We first modify the sets Di and Cj as follows: 



= {xen: di{x,t) < -} 

r eP 

C|(t) = < x G J7 : col{x,t) = Ci and \dj{x,t)\ > — for every j 

Now {^If/, '^c^*} denotes a partition of unity associated to these sets. As before, we 

define Zvii) = Cjk') if 7i e dqCldCl 

Then we define the function cp^ for x £ \Jj Vj U IJ^ Cj (that will be used as the new 
boundary condition in ([3])) by 

(29) Ux, t) = YCvf i^, t) Zh, f^l^\ + ^ Qf (a;, t) colix, t). 

i i 

The signs for di are chosen appropriately as before and the following extension for cj)^ are 
considered: 

where 772 : M ^ M is the cut-off function described in previous proof. Now we define 

(30) n^{x,t) =<t)'l{x,t) + 2_yi2y — - — ju^y ^ j 

and the initial condition ([2]) is given by: 

(31) i^,{x) = n,{x,{)). 

Let We{x, t) = n^(x, t) — (j)e{x, t). Correspondingly, if we define the functional as in Remark 
13.11 we would take w^{x,t) = n^{x,t) — ^ji{x)<pe{x,t). If the latter choice were made, in all 
the computations below the function cjxj would need to be replaced by ^ij(x)(/>e (x, t) and the 
same conclusions would hold. We leave this case to be checked by the reader. 

Since We{x,t) =0 for x G dQ, we can write 



We{x,t) 



I / nQ{x,y,t - s)Pwe{y,s)dyds + / nn{x,y,t)we{y,0)dy. 
Jn Jn 
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Which imphes 

{F^{we,iie) - We){x,t) = j / nn{x,y,t-s) 

Jo JQ 
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-{y,s) - P{4P, + w,){y,s)] dyds 



(32) 



+ / nn{x,y,t){^e{y) - (t^'eiv) - weiy^dy 



: / / nnix,y,t- s) 
Jo Jn 



Pn^ {y,s)dyds. 



Hence, it is enough to prove that 



sup t 

nx[o,T) 



I '^^'-^'^'^ ~ (—^^-^ + P'lT'e^ {y,s)dyds 



as e ^ 0. 



We start by briefly reviewing the computation away from the nodes. This computation, 
for all times, is analogous to the ones used to prove Theorem 13. II in |Slj . We bound: 



ir{x,t)=t 



Hnix, y,t- s) { ^"^("'^) _^ p^^ ] s)dyds 
Jn\[j,B,p(o,{s)) V e 



for any x £ Q and < t < T. This integral can be subdivided as /^^* < J,*^^* 



A{x,y,t,s) =nn{x,y,t- s) 



A{x, y, t, s)dyds 



L 



ext 



--t 



Jvi\{vi{^ci) 

I A{x,y,t,s)dyds 
JciMvinq) 

A{x, y, t, s)dyds 



'0 Jvinct 

Using the definition of it is not hard to compute that 



\A{x,yAs)\= nnix,y,t-s)^^^^^CU, 
< Hn{x,y,t-s) 

\A{x,y,t,s)\= 



kf{X,t)d, 



\A{x,y,t,s)\ = \nn{x,y,t- s)\ 



< C max \ sup j | fcj | , ■ 



lor xeVl\{Vl^Ct). 
lovxeCl\{Vl^Ct). 

for X E P|nQ- 



as e ^ 



for X e Vll\Cl. 



Since /c* is an integrable function, the Dominated Convergence Theorem implies that 
(33) 



lim = 0. 
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For further details in this computation we refer the reader to jSlj . 



Now we need to bound 



ir{x,t) = t 



nn{x,y,t- s) 



+ Pn^ I {y, s)dyds 



Notice that there Is a. K that depends only on the network such that for t > Ke^^ all the 
nodes are already separated enough to make the definition of appropriate to distinguish 
each region. It is not hard to check, that the computations in |Slj can be easily extended 
for these large times. However, since at t = there might be nodes that coincide (such 
as in the case of the self-similar solutions described in the introduction), for t < Ke^^ the 
computations need to be handled more carefully near this multiple nodes. In order to have 
some room in our calculations, we will divide the times into slightly larger regions, namely 
t < and t> e^. We will first focus on bounding Il"'^{x,t) for small times. 

Since the nodes Oi{t) are away form the boundary, we have 



nQ{x,y,t- s) 



< 



Then it follows for t < e^: 



iT\x,t)<%t 



J{^,B,p{,0,{s)) 



t - S 



-dyds 



1 



-dyds, + 



< — 

~ ^0 Jb,p t - s 
<^ (^e2''(lnt-31ne) +e=^) 



t - s 



■dyds 



Hence we have, 
(34) 



ir\x,t) < -Ce^P-^lne, for t G [0,e'']. 



Consequently, we choose ^ < | < p < 1. 
For t > eP we bound the integral as follows: 

Tint ^ rpj jint I jint jtrans \ 

where 



int 

<Ke^P 



[ nn{x,y,t - s) C^^^^^^:^^ + Prie] {y,s)dyds 

-JU.B.pio.is)) V e 



Tint 

^s>Ke2p 



jtrans 

^S>K€^P 



nnix,y,t- s) 



Ke'^Pj[J,B,p (0,(s)) 



VuW{n^) _^ J s)dyds 



Hnix, y,t- s) [ ^"^("^^ j s)dyds 

Ke^P J[J^B,p(0,{s))\B,p(0,{s)) \ e 
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For s < Ke^^, as in the computation for (f3ll) . we have 



Then 



TCnix,y,t- s) 



+ Pn, 



[y,s) < -j^ 



£2 t-S 



c 



e Jo J[J,B,p{0,(s)) t-S 



e t- 



-dyds 



C 



1 



J[J,B,p{Ods)) 



t - S 



dyds 



C 2«v-, / Ke'^r 



t 



<C{n-2)e^P-^. 
Since we took i<|</3<l, we have 

(35) K<Ke^pix, t) < CeP for some p > 

For Il^j^^2p we proceed as in [Si]. It is easy to compute that 



\A{x,y,t,s) 



TCnix,y,t - s)Ju* 



0'Re^t)+^{x-O{t))-R0^t)O'{t) 



C 



<-nn{x,y,t-s) for y eS^(Oi(t)) 



where, as before, A(x, y, t, s) = 7in{x, y,t — s) 



+ Pne] iy,s) 



Since the nodes are away from the boundary, we have that \TCQ{x,y,t — s)\ < 
and 



(36) 



Tint ^ 



c 



_\x-yy 

e 



e Jke^p Jb,p{o{s)) t - s 



-dyds 



C 
< — 



< 



e \JKt'^P Jb^p(0{s)) 

C ( Z-*-^'" ^e^f 



1 

dyds + 



t - s 



\ I \ds + ds 

e KJKe^p 4(t - s) 7i„,m 



<C ( (In T — m In e 



vre 



.2p-l 



t - s 



■dyds 



+ e"-^ ) ^ as e ^ 0. 
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For t > e'' in B,p{Oi{t)) \ B^{Oi{t)) we have that r?2 (^-^ ) = and = (t)e{x,t) + 
m ( ^) U i _ ^^(,, ,) ) . Hence 



PVe + ^^^^ = [P<Pe{x,t)+ ^2 



+ P 



g2 g2 



(37) + 

The first parenthesis can be bounded as ([33]) . while the bounds for the other quantities 
fohow from the fast convergence of n=K to (f)^ (see [ST] and [S2] for details on this). Hence 
we have for any m > 




P0e H 3- 



(2/,s) + e" 



(38) /f>Te^,<C / / nn{x,y,t-s) 

We conclude from Lemma [32] and (l33|), dM]), dSS]), (|36l) and ([MI) that for every t > the 
result holds. However, since the initial condition was appropriately chosen, we in fact have 
that the result holds for every t > 0. 

□ 



Remark 3.2. Notice that the self-similar solutions to the network flow studied in |MSj 
satisfy the conditions of Theorem in a large hall for a fixed time (that depends on 
the size of the domain). The boundary condition needs to he chosen as the motion of the 
intersection point of the solution and the boundary of the ball. 

4. Proof of Theorems 11.11 and 11.21 

Theorems 1 1.1 1 is a particular case of Theorem II. 21 . Hence, we only treat the more general 
case. Suppose that we have two networks A/i and M2 in a domain 0,. Furthermore assume 
that they have the same topological type and their initial conditions coincide. 

Since Theorem 13.31 was proved in a bounded domain, if J7 is unbounded we define the 
bounded domain as the intersection of a large ball of Radius R with Q and we restrict 
the evolution to this domain. The requirements on the size of the ball will be specified later 
in this proof and the time T, up to when the evolution is considered, is such that the nodes 
of the network stay away from the boundary of 0,^. Notice that if is bounded domain 
and R is large enough the same definition can be made without altering 0,. Hence we will 
always refer to the domain as Qr. 

Since the topological classes of A/i and J\f2 agree, Proposition 12.11 implies that the same 
coloring can be associated to both of them. From Theorem 13.31 that there are solutions ul 
and to ([I]) -([2]) -([3]) which as e ^ develop nodal sets that respectively agree with Mi and 
A/2 in i^ji and respect the associated coloring. Let (pl and (/)^ be the boundary conditions of 
ul and respectively. To simplify the notation, we assume that these functions have been 
already extended to the whole domain via a cut-off function. We denote 

XR{x)<j)l{x,t) if is bounded 
(j)l(x,t) otherwise 



4>i{x,t) 
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Furthermore Lemma |3 . 1 1 implies (by choosing We{x^t) = u'^(x,t) — (j)l(x,t)) that either 

sup \ul — u'^\ ^ 
nRx[o,T„] 

or 

sup \ul-ul\<C sup \F^{u'^^-4>^)-ul + 4>^\, 

^^iiX[0,T„] nRxlO,T„] 

where 

F,{h)=- nnR{x,y,t-s) (YjM^IM + p^^,])^ {y,s)dyds 



Let us assume that we are in the second case. Since U2 is a solution to ([1]) and t) — 
(f)'^{x, t) = for X £ d^R we have that 

u^x, t) - ~^l{x, t)=- 1^ 1^ nn{x, y,t-s) (^Yj^^^ + p(^2)^ ^^^^^^ 
+ / Tinix, y, t){'iPM - 4>1{V, 0))dy, 

and 

Notice that the functions V'e coincide since the initial condition of the networks agree. 
Hence, we have: 

{F,{u^,-4>l)-ul + ^l){x,t) = - [ I nn{x,y,t-s)(p{4>l-^^j){y,s)dyds 

Jo Jur ^ ' 

rLn{x,y,t){^\{y,Q) - ~^il{y,Q))dy. 



IflR 

Since, as i? ^ oo we have that — (pl\(j2,i 0, we have that for any 5 > there is an 
R such that 



(39) sup F,{ul - ^l) - ul - 4^', 

{x,t)<^Q.Rx[Q,T] 



< 5. 



Now, if the evolutions of Mi and A/2 are different we would have that sup^^ [o,T„] 1 > 

minj^j{|cj — Cj|}. Choose 5 such that C5 < minj^j{|cj — Cj|} (where C is the constant given 
by Lemma l3.ip . Then Lemma l3. II and ()39p imply: 

min{|cj — Cj 1} < sup \u\ — < C sup < sup |Fe(u^ — (^^) — -u^ + < C(5, 

!^x[0,T„] nx[0,T„] !^x[0,r„] 

which yields a contradiction. □ 

Remark 4.1. We would like to remark that in the previous proof we assumed that the 
constant C in Lemma \ 3.1\ can he chosen uniformly for every domain il/j. This in fact 
holds, since the hounds for cj)^ and for provided hy Lemma 2.2 in [S2] are uniform in M?. 



18 



MARIEL SAEZ TRUMPER 



References 

[Br] K. Brakke The motion of a surface by its mean curvature Mathematical Notes # 20, Princeton 

University Press, Princeton (1978). 
[BR] Bronsard, L. and Reitich, F. On three-phase boundary motion and the singular limit of a 

vector-valued Ginzburg- Landau equation, Arch. Rational Mech. Anal. (124), No. 4 (1993), 355- 

379. 

[MNT] Carlo Mantegazza, Matteo Novaga, and Vincenzo Maria Tortorelli. Motion by curvature 

of planar networks. Ann. Sc. Norm. Super. Pisa CI. Set. (5) 3 No. 2 (2004), 235-324. 
[MS] R.Mazzeo and M.Saez. Self-similar expanding solutions for the planar network flow. Seminaires 

et Congreses, Societe Mathematique de France. 
[SI] M. Saez Trumper. Relaxation of the Flow of Triods via the vector-valued Parabolic Ginzburg- 

Landau equation. To appear in J. Reine Angew. Math. (Crelle's Journal) 
[S2] M. Saez- Trumper. Existence of a solution to a vector-valued Ginzburg- Landau equation with a 

three well potential. arXiv:math/0702662 
[SS] O. Schniirer and F. Schulze. Self-similar expanding networks to curve shortening flow. 

arXiv;math-dg/0702698 To appear in Ann. Sc. Norm. Super. Pisa CI. Sci. 
[Sch] O. Schniirer et. al. Evolution of convex shaped netwoks under curve shotening flow. To appear 

in Trans, of the AMS. 

Mariel Saez Trumper 

Edificio Rolando Chuaqui. Facultad de Matematicas 

PONTIFICIA UnIVERSIDAD CATOLICA DE ChILE 

AvDA. Vicuna Mackenna 4860, Macul, Santiago, 
Chile . 

E-mail address: marielOmat .puc. cl 



